UNIQUE CONTINUATION FOR ELLIPTIC EQUATIONS(Y)

BY
M. H. PROTTER

1. Introduction. Let #(x1, xs, - - -, xx) be a solution of an elliptic equation
in a domain D. If u vanishes in an open subset of D the unique continuation
principle asserts that # vanishes throughout D. A related question concerns
the vanishing of a solution at a particular point of D. Can a solution u ap-
proach zero arbitrarily rapidly at a point P of D without being identically
zero? Carleman [4] showed that for elliptic systems in two independent vari-
ables with coefficients that are not necessarily analytic a solution which
approached zero at a point more rapidly than any power of the distance r
from that point must vanish identically. Such questions for two independent
variables were also investigated by Bers [2a] in conjunction with the theory
of pseudo-analytic functions and by Douglis [6].

For equations in more than two variables Muller [13] showed that if
r~"u—0 as r—0 for every positive #» and if u satisfies the equation Au
= F(x1, %2, + - +, X, #) then u vanishes identically in D. In this connection
Heinz [9], Hartman and Wintner [8] and Lax [11] extended the result to
include functions F containing first derivatives of #. The problem for general
second order operators L was solved by Cordes [5] and Aronszajn [1].

The problem for higher order elliptic equations may be posed in a similar
manner. Nirenberg [14] has obtained results for uniqueness of the Cauchy
problem in the case of equations with constant leading coefficients. Calderén
[3] obtained general results for the uniqueness of the Cauchy problem by
the method of singular integrals valid quite generally for second and third
order equations and for higher order equations if the number of independent
variables is different from three and there are no multiple characteristics.
Friedman [7] has established uniqueness for solutions of linear elliptic equa-
tions under the additional restriction that the solution be positive. Hérman-
der [10] has followed the method of L, estimates for general lower order
operators in terms of higher order operators with appropriate weight func-
tions. Mizohata [12] has obtained results for elliptic equations with constant
leading terms and for a general fourth order elliptic equation.

A new and interesting approach to this problem has been given recently
by Pederson [15]. In order to establish unique continuation he requires a
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stronger condition than u vanishing at a single point more rapidly than any
power of 7, namely that

e Py —0 as r—0

for every positive o and for some fixed sufficiently large 8. In this manner he
is able to establish the unique continuation property and hence uniqueness
for the Cauchy problem for general second order equations. In addition, the
problem for fourth order equations is solved when the principal part is the
biharmonic operator.

In the present paper the starting point is the kernel employed by Peder-
son. We impose an even stronger restriction on # at one point, namely that

ePu— as r—0

for every positive 8. Of course for purposes of unique continuation and
uniqueness of the Cauchy problem the speed with which a solution approaches
zero at a single point is immaterial. Under such hypothesis we give in §2 a
particularly simple proof of unique continuation for second order equations
with Laplacian as principal part. The technique is based on that of Cordes
[5] and Pederson [15]. However they both resort to spherical coordinates
which in some senses make the computations more complicated. This is seen
most clearly in the application to general second order equations. Here we
obtain a straight-forward extension in §3 without resort to any study of local
differential geometry—used in the proofs given by Aronszajn [1], Cordes [5],
and Pederson [15].

In §4 a basic inequality is established which together with the particular
form we have for the estimates in §§2 and 3 permit an extension to higher
order equations. The method establishes unique continuation for inequalities

of the form
A*u = f(x, w, Du, - - -, D*u)

in which the right hand side may contain all derivatives of order up to [37/2].
This result is obtained by certain L, estimates for lower order derivatives
in terms of the iterated Laplacian with varying weight functions of the form
77 exp(2r78). It is interesting to compare this with the results of Hérmander
[10] in which lower order operators are estimated in terms of higher order
operators of a more general nature but with weight functions different from
the ones considered here.
2. Laplacian principal part. We consider the operator

A & + il + + il
e 9 02,
and a twice continuously differentiable function #(x, xs, - - -, xx) defined

in a neighborhood of the origin. We employ the euclidean distance
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2 2 2 2
r =21+ %+ -+ ay
and examine an expression of the form
pB+22r P (Aw)?

where 8 is a positive integer which shall be considered a parameter. We first
introduce the function z=3z(x1, %3, - - -, ¥y) by the relation

€)) u=c¢""z
and hence we have
(2) et P (Au)? = 1P+ [Az + 2Vz V(e e + e P2 )]

where the symbol V represents the gradient. We have

2Vz- V(e Pe ™ = —Z

B2 5 1 9x;

and

e PA(E ) = —?—I:f— -B8—=2++ N] .

rB2| 8
We write the right side of (2) in the form
(@ + 8+ )
and observe that
(@48 + 7?2 26(a + 7).

Hence we have the inequality

N 9 4 2
(3) o2 P(Au)? = 484z D ; ¢ + —ﬂ(—'si —-B8—-2+ N) > @ 9z 2.

=1 Ox; rft? =1 %

We now make the assumption that u(x:, xs, - + -, x») vanishes outside the
sphere r <7y where 7o <1. Further it shall be assumed that

ePu—0 as r—0forevery 8> 0

and hence that the integrals considered below all exist with a finite value.
From (3) we have the inequality

-8 i 9z
f P22 P (Au)2dx = 48 E f x5 3
=1 Xy

(4)

zdx

1
+a [ M(ﬁ—ﬁ—HN) I

i=1 2
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where the integrations are over the entire x-space. An easy integration by
parts shows that, since from (1) 2=0 for r =7,

N 9z
> f x;— Az =0
i=1 dx;
equality occurring if N =2, with the inequality otherwise. Hence (4) implies

fr"‘L?e?'_"(Au)?dx > 453f —26—2 Zx‘z

=1 xl
(5) .,
dz
— 4828+ 2 — N)f 62> xg — dx.
il 0x;

We integrate the first term by parts, obtaining

N %
2833 f —28— — 8? ( )Zz
8 =1 0x; Z Ox; \ r26+2

1=l

283B+ 1 — N/2)fr‘2’3—2z2.

For 841> N/2 the right side is positive and for o<1 and sufficiently large
B the second term on the right side of (5) is negligible compared to the first
term. Hence we have the inequality

B84 f r~#-23%x < ¢ f r8+2¢2 P (An)2dx

where ¢ is a fixed constant depending on 7, valid for all sufficiently large 8.
Taking (1) into account we have

(6) B f -2 Py2dy < gy f 8262 P (Au) 2z,

This is the basic inequality similar to that obtained by Pederson by a some-
what different method.

To obtain an inequality similar to (6) for the first derivatives of u we
proceed in the following manner. For any function % with compact support
we have the relation

f ouhu = — §<6x> f (Aa)u.

We let a =¢> . Then as before we have

| aa| = o e
- r2ﬂ+2
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for ro<1 and all sufficiently large 8. Hence we find

f e P E( > fez’ ﬂl ul | Au] + coB“’fr‘”‘?eZ"_ﬁu’.
el axz

A rearrangement, taking (6) into account, yields

[=(
Xs.

2 c
> gfr”ﬂ‘le'_ﬁl u| -rﬂ“e’-ﬂl Au[ + -B—:fr"“ez'_ﬁ(Au)2

where ¢ is used as a generic constant throughout. We now apply Cauchy’s
inequality and (6) in succession, getting

fez'—ﬂ E( ) < 1 f,—zﬂ—zew’ﬂuz_i_if ,»213+2¢;2'—5(Au)2
dx; 2 2

+ g f rPH2e2 P (Au)? |

and

0 [ et )

We combine (6) and (7) to find

(® f e I: r¥ 7yt + E( ax)ﬁ] < ¢ (rg + -;—2) f ri+2e2 P (Au)?,

Inequality (8) leads directly to a unique continuation theorem for inequalities

of the form
Au<f(x,u’ ou NI 3_’14)
Jax 1 6xN
where f is Lipschitzian in %, u/dx1, - - -, 0u/dxy. The argument leading from

(8) to the unique continuation theorem is the same as that given in [1; 5; 9;
13; 14] the parameter 8 being allowed to go to infinity. We do not repeat the
details here.

3. General second order equation. We consider a second order operator

Lu = Z aij

i=1  0%;0%;

0u

with the coefficients having continuous second derivatives in a neighborhood
of the origin. Without loss of generality we assume that a;;=a;;. It is sup-
posed that there exist constants m, and M, such that
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N, N N,
MyY &= > aikid = mo )

1=1 1,j=1 =1

for all ¢£; and xi, x3, - - -, xx in the domain under consideration. Without loss
of generality we shall suppose that the operator L coincides with the Lapla-
cian at the origin. This may be achieved by a simple change of variables. Thus
we have

@i = 8i + ouj
where
I a,-j| =< c¢or.

We proceed in the same manner as in §2. We consider a function
u(x1, %2, - - -, xy) which vanishes for r =7, where 7o <1 and set

w=zer?
where 8 is a positive constant. We are interested in computing the expression

6202 P (Ly)2.

We have
_ . 9z (e ")
rht2e2 P (Ly)? = pbt2 [Lz + 207 ) 4y — ———— + ze’ L 'S):l
i,j=1 Xi dx;
In exactly the same manner as previously, we have
-8 s 9z -8 -8 9z
P22 P (Lu)? = 4Lz Y. Bayx; — + 4Bze" PL(e7P)- E aix; ——
$.5=1 ox; 1,7=1 X

We thus obtain the integral inequality

frﬁ+2ez'_a(Lu)2 = 4,3sz 2 a4 6_

7,j=1 xX;

-5 . 9z
+ 4ﬂfze’ L ?) > dijxi—a"—'

i,j=1 X5

©

We now estimate the first integral on the right. The terms with =7 give
%z
4Bf 1+ a,,)x. Az + D aw—s |.
=1 x1 axi

As previously we have
9z
fx,- — Az 20
axi
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and we drop this term. For the remaining terms we write

18 f 9z 0% 18 i) (i) dz 09z
[0 Z¥% 73 Yy = = — (aii%; -
" ox; 9% ox; ox; dx;

f Lowo()
B 0x; ot dx; )

< 4Bcoro E( >
=1\ 0%;

where now the constant ¢, depends also on the modulus of the first derivatives
of the a;;. A completely analogous inequality to (10) holds for the terms con-
taining «;; with 27#j. A computation shows that

u xax; B0 + 2)xx;
{ﬁﬁxx_l_ﬁ B8 )xx}'

Hence

(10) f: 4ﬂlfaﬂxt_z o

i=1 0x;

Qi
f2ﬁ+4 fﬁ+2 rﬂ+4

(11) ePLEe ) = 3

t,j=1

We note that for <1 and sufficiently large B8 the first term on the right
dominates. Combining (9), (10), and (11) we have the inequality

Y B xxx Bakl BB + 2)xix;
28 Z aux'—— 4 E Qg ——— R fﬂ+2 T

i,=1 Xj k=1
< f fﬂ“e?’_ﬂ(Lu)z + 4Bcore Z < p )
X4

=1

(12)

We integrate by parts in the first term in the left of (12):

9z xpxy
4}33 Z Q01X —— 2 i
4.5k ox; 1t

0 XXpX18i001 a XiXpX18 ;0%
==8 2 '{——““ z2+———{—2—— @
dx; rt GED r2hte

i,7.k,1

The dominant term arises from the differentiation of 7~2~* and this yields
a factor —(28+44)-x; in the first part with —(28+4-4) -x; in the second. Hence
the ellipticity of the operator can be taken into account since

Z Q% %5 z.. mor2

and we find, for all sufficiently large 8 and 7,<1,
C°B4f 26232 < frﬁ+2e2r ﬂ(Lu)2 + Clﬂfof ZI:

Performing the differentiations on the right, we have

T
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ﬂ4f,—2ﬂ—zezr'5u2 < coff“?e?’-ﬁ(Lu)?

2
+ Cu@fofez' ﬁz( ) + 6263r0fr_25_2e2’_ﬂu2
i—1 \ 0%;

and with an adjustment of the constants, for sufficiently large 3,
(13) B4f,—2ﬁ—2ezr‘ﬁu2 < cofrﬂ“e?’_ﬂ(LuV + Clﬁf’ofezr -8 Z(a )
T=1 X
For any function ¢ =a(x, y) we have the identity
du Ou
fauLu=—faa,,-—————+ (La + R)u?
ox; dx; 2

where as usual it is assumed that » has compact support and R contains the
quantities a;;, the first and second derivatives of a;;, the quantity @ and its

first derivatives only. We select for a the value
a=e""

and take into account the ellipticity of the operator L, getting

f err P Z( > f rB=1er Popbtier P Ly + o2 f 26202 P2
0x;
or

du\?2
(14) Bfe”_pz( u) = coﬁfr2'3+2e2'_ﬁ(Lu)2 + c,,B"‘fr—”‘?e?"ﬂu?.

6x,~
Adding (13) and (14) we have

Bfew‘ﬂZ( > + B4f,—2ﬂ—2ezr—ﬂu2

2
= (e + Clﬁ’i) f 78262 P (Lu)® + cofro f er™? E( 3 )
%

i1=1

+ Cn@:&f,—w—zezr“ﬂuz.

Hence for sufficiently large 8 and 7, <1 we finally conclude

(15) ﬁ—za—-zezr 2 + ,33 o2 P Z(a > < ;if,ﬂ+2ezr—ﬂ(Lu)2’
X3

To obtain the uniqueness of solutions of the differential inequality
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ou ou
Lu§f(x,u,—é——: ... ——)

’
X1 axN

we proceed from inequality (15) by letting 8— «, again asin [1; 5;9; 14; 15].
4. Higher order equations. In this section we consider inequalities of the
form

Ay £ f(x, u, Du, - - -, D*u)

where D™y represents an arbitrary mth derivative of # of order not exceeding
[3n/2] with respect to any of the variables x;, &z, - - - , xy. The basic identi-
ties we employ are the following:

(16) fauAu = —faz<§:.~>2 + %f(Aa)uz

and (using subscripts for partial derivatives now)

2 1 2 2
a7 f OUziz\Uoyzy = f AUzyzy — 'E'f [azlzluzz = 200Uz Uz, + azz-"zuzl]

valid for any function » with compact support. In the light of (17) we con-
sider the integral

f a(Au) - (Au) = f [a % uf‘.,,. + a i u,,.,,,.u,,j,j:'.

i=1 8, =115

We apply (17) to the second term on the right above and obtain

N, 1
(18) f a Z Upyz; = fa(Au)2 + 7[ Q(z;2), Us;)
1,5=1
in which Q is a sum of products of first derivatives of # and second deriva-
tives of a. Relation (18) is particularly useful as it allows us to estimate
second derivatives of % in terms of the Laplacian and lower order derivatives.
Formula (6) shows that the exponent of 7 in the kernel increases by an
amount 3344 as the function # is estimated in terms of Ax. The estimate for
the first derivatives of « increases the kernel by 28+2 on the left as exhibited
in inequality (8). Formulas (16) and (17) are useful for iterating the inequali-
ties so that all derivatives of order lower than 2z may be estimated in terms
of the nth iterate of the Laplacian. An iteration of (6) shows that

B f r28-202rPy2qs < ¢ f r"""’“ez’_ﬂ(Azu)zdx.

An estimate for the first derivatives of « in terms of A% is obtained from (8).
The second derivatives may be estimated by means of (18). The second term
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in the right of (18) has 7 to the exponent —28—2 if @ =2 ®. Hence combining
this with (8) applied to Au we get an estimate of the form

ﬁ“f Y wmdx < o f ristee ™ (A da.

Thus the third derivatives are estimated in terms of A%z with essentially the
same powers of 7 occurring on both sides of the inequality. The general situa-
tion may be described by saying that to estimate each two successive deriva-
tives the inequalities (16) and (18) require a power increase of the order 43
while inequality (6) yields an increase of the order 38. Hence for A3u esti-
mates through the fourth derivatives can be made, for A estimates through
the 6th derivatives and in general for A*x estimates up to the order [37/2]
may be obtained. Thus we have the result: given the differential inequality

(19) | A"ul < f(x, w, Du, - - -, D*u)

where f is Lipschitzian, k= [3n/2]; if u satisfies (19) in a neighborhood D of the
origin and

(20) e Pu—0 as r—0

for every positive 8 then u vanishes identically in D.

It is clear that condition (20) may be put in integrated form. Also the
uniqueness of the Cauchy problem for differential inequalities (19) follows
at once by standard methods.

If L is a general second order elliptic operator, we can write a more gen-
eral relation than (18) by considering the expression

f o(A0) (L)

for functions # with compact support. If
N
Lu = E aijuz.-z,‘
1

where

> aik; = mo ), E?,

then we have
2 1
(21) moNfa > Uy S f aAulu + —z—f Q(azz;y s;),

in which Q contains first derivatives of # and second derivatives of a. With
the aid of (21) it is possible to extend the unique continuation theorem to
equations of the form
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ALy = f
where f contains derivatives up to order [3n/2].
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